Introduction
With the rapid progress of ultra-short pulse laser technology, the maximum intensities of these lasers has reached the order of 10
22
W/cm 2 [1, 2] . If the laser intensity is higher than this, strong radiation may be generated from a highly energetic electron. Accompanying this, "radiation reaction" as the feedback from radiation to an electron's motion can have a strong influence on electrons in plasmas [3] . One of the facilities which can achieve these regimes, Extreme Light Infrastructure -Nuclear Physics (ELI-NP) will feature two 10PW (approximately 10 24 W/cm 2 at tightest focus) class lasers [4] [5] [6] . At these intensity levels, the radiation reaction must be taken into account in the laser-plasma experiments carried out. The original model of radiation reaction, described by the Lorentz-Abraham-Dirac (LAD) equation [7] , has a significant mathematical difficulty which is an exponential divergence dw d  0 exp( )     , named "run-away" [7, 8] . Here by Landau and Lifshitz [13] .
On the other hand, it is considered that the dynamics of an electron should be corrected in the highintense fields produced by 10PW lasers, by QED-based synchrotron radiation. In this physics regime, it is often discussed in terms of the parameter    representing the field strength [14] . 
E m c e 
 is the critical field strength of light, namely the Schwinger limit. Therefore  represents the external field strength or the intensity by using the ratio with this limit. By using QED-based synchrotron radiation with this  dependence, I. Sokolov, et al. [14] proposed the following radiation reaction model: 
We will reference this as the QED-Sokolov equation/model since the function ( ) q  depends on the QED cross-section of synchrotron radiation:
 is the 4-dimensional affine space. 
The set of Eqs. (4) (5) (6) incorporates the modification of the QED radiation spectrum into the model [14] . In the low-intensity field regime, 1   , then ( ) 1 q   . This limit converges to the result of the LandauLifshitz equation [13] . It is natural to consider that the difference of the radiation field between classical dynamics and QED is the alteration of the source (current) term in Maxwell's equation. When we consider QED effects for radiation reaction in the framework of classical dynamics, we need to insert the modulation of the charge-current density for describing the QED-based radiation field. In this paper, I discuss the general method of adapting the models from the modified radiation field Mod-LAD F in high-intensity external fields (such as laser) to the field propagation in QED vacuum with the new degrees of freedom as the extension from Ref. [9] and Ref. [10] . By the combination of these, we can find the anisotropy of the coupling factor
K between an electron and fields, which is a unique dynamics behavior predicted by this new model.
For the demonstration of this scheme, I will introduce the new functions  and  for the modification of the LAD field in the high-intensity external field at first. By using them, I will derive the modified-LAD field Mod 
Modification by High-intensity field
In this chapter, I discuss the general method of how to treat the field
By using this field, we can obtain the equation of motion of an electron.
Introduction of running charge and mass
In ultrahigh-intensity fields, the coupling (charge) of an electron to fields may be modified due to the alteration of the current from classical dynamics to QED. This formulation has been discussed by I. 
, which is very similar to the form of the QED-Sokolov model in Eqs. (4) (5) . Therefore, it requires us to put the running charge and mass for the realization of QED-based synchrotron radiation like QED-Sokolov model.
Following the above idea, I pass to a more general discussion. The requirement for the modification of radiation is that the charge and mass of an electron should be also running. We introduce the new non- 
Here,
F is the homogenous solution of Eq.(9). The solutions of Eq. (9) are the retarded and the advance field [7, 15] IV .
IV
The derivation of this field is based on Ref. [15] . By using the Green function ret,adv ( , ) G x x , the solution of the Maxwell's equation (9) is, ret,adv
The field Eqs.(10-11) is derived from the relation ret,adv
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we can obtain the modified LAD field,
We can find that this field avoids the singularity of
smoothly. Defining the homogenous field
equation of an electron's motion Eq.(8) becomes as follows:
Here Assuming the variation of  is very slow, the orders of the magnitude of  and  are the same, then
 . This equation (13) cannot be solved by the same reason as run-away on the LAD equation due to the term of the second order derivative, so-called the Schott term
For estimating  and  , we use the perturbation as the method by Landau-Lifshitz [13] with the definition
Where we can find Eq. 
is required since
satisfied. The final term in the LHS in Eq. (14) vanishes since 
Equation (16) is one of the methods for radiation reaction with QED synchrotron radiation, however it suffers from the run-away problem. I also present the method of stabilizing the singularity of the field 
Stabilization by QED vacuum fluctuation
In Sect.2.1, I modified the LAD field by introducing the running charge High Field e e   , to obtain the modified LAD field
In the following section, we consider how to stabilize the field
F which is the homogenous solution of the source-free
Maxwell's equation (9) . At first, the field Mod-LAD F satisfies the source free Maxwell's equation Here we need to derive the undressed field
F acting on an electron for substituting into Eq. (8) . The general dynamics of the propagating field is described by
Here, Quantum Vacuum L is an undefined Lagrangian density for the QED vacuum fluctuation. The important remark is that this Lagrangian density is applicable only to describe the field propagation in the spacetime
VI
The direct radiation term in the LAD equation is 
Equation (18) it the Maxwell's equation for the source-free field,
being the polarization of vacuum [9, 10] ,
Here, 
Via the algebraic treatments, we can solve Eq.(22) for F ,
(see Ref. [10] ). We propose the following equation of motion for a radiating electron in the high-intensity fields coupling with the Maxwell's equation (18) .
Rewriting Eq.(24) with the relation    and following Sect. 2-1, we can get the form, 
For the mimic of the Sokolov's model, the function  should have the dependence 1   in the lowintense limit converging to Eq.(1).
High-intensity field correction under the first order Heisenberg-Euler vacuum
In this chapter, we consider Eq. (25) however we describe it by using  for the extension in Sect.3.1-3.2.
Equation of motion
The familiar model of QED vacuum was represented by Heisenberg and Euler [11, 12] : since the constant field should be one of the behaviors of the general Lagrangian. In this section, I assume we can apply Eq.(28) for the field propagation like in Ref. [10] . In this case, the functions 0 f and 0 g are 
We can find the singularity when 
Where I employed the relation
 should be held, it is the requirement for avoiding the instability and for taking into consideration the high-intense fields.
Run-away avoidance
In the original model of radiation reaction, the LAD equation has an instability named the "run-away" solution diverging exponentially even in the absence of an external field. This mathematical problem is also called "self-acceleration". The new equation must be required to hold the stability and we need to understand for how large dynamical range we can apply it. We assume the condition of Eq. (32) ( . Here, we follow the twostage analysis used in Ref. [10] . At first, we check the finiteness of the radiation energy due to the possibility that run-away comes from infinite radiated energy. In the second stage, we proceed to the asymptotic analysis proposed by F. Röhrlich for investigation after releasing from the external field [16] .
In the first stage, we make the modified-Larmor's formula 
Considering invariances in the rest frame, 
The functions 1 |1
are finite in the domain ( ,1) x   , When we choose 
As such, the possibility for the run-away due to the infinite energy emission of light was avoided in Eq.(36).
Next, we proceed to the asymptotic analysis. For this analysis, we need to take the pre-acceleration (1 ) (* )
Here, we employed the parameter a    . Now we consider the acceleration dw d at the infinite future,    . Following the Röhrlich's method, the acceleration converges to zero when the external field vanishes at    . In this limit, the dynamics becomes the classical limit 1   due to the absence of the field ( 0
 . Therefore, we can obtain the limit of Eq.(37), 
This is just the requirement for the avoidance of run-away proposed by Rörhlich [16] . My model also satisfies ( ) 0 dw d   after releasing from the external field. In the above we could demonstrate that the new new Eq.(33) doesn't become run-away under the condition of Eq.(32).
Calculations
Finally, we present the numerical calculation results with other radiation reaction models. Employing the
where
We performed the calculation of Eq. (40) with the following models: Seto I model which is Eq.(1) [9] , the Landau-Lifshitz model [13] , Classical Sokolov [17] and QED-Sokolov [14] .
And we name Eqs.(25/33/40) as "Seto II". I assumed the case of the head-on collision between the laser photons and an electron as the initial configuration of the simulations (Fig.1) . We used the parameters of Extreme Light Infrastructure -Nuclear Physics (ELI-NP) [5] [6] . The peak intensity of the laser is 22 2 1 10 W cm  in a Gaussian shaped plane-wave like Eq.(28,29) in Ref. [10] . The pulse width is 22fsec and the laser wavelength is 0.82μm . The electric field is situated in the y direction, the magnetic field is in the z direction. The single electron travels in the negative x direction, with the energy of 600MeV
initially. The numerical calculations were carried out in the laboratory frame.
The time evolution of an electron's energy shows the typical behavior of radiation reaction, as. shown in Fig.2 . The energy of an electron drops from the initial energy of 600MeV. Depending on the models, the final energies of the electron converges to two separated levels. The first group includes Seto I, LandauLifshitz, and Classical Sokolov models near 165MeV. The second group is QED-Sokolov and Seto II models, stating around 260MeV. The difference between these two groups depends on the function ( ) q  , obviously. In this laser intensity and energy of an electron,  runs from 0 to 0.3 in this case. Figure 3 presents the graph of ( ) q  . An electron travels in the negative x direction. The function of ( ) q  . In this calculations, the domain is
The following is satisfied: 
Since it is valid Eq. (16) (4)]. This is an algebraic difference between two models.
Conclusion and discussion
In summary, I updated my previous equation of a radiating electron's motion by considering the highintensity fields and QED vacuum fluctuation. The field F acting on an electron was modified by the following method:
The external high-intensity fields modify the emitted field from an electron. The QED vacuum fluctuation stabilized the "run-away". The mathematical treatments in the derivation of the new equation was based on our previous paper [9, 10] . At first, I assumed the parameter replacements In the low-intensity limit, the invariants satisfy , 1    . The source term of the Maxwell's equation was deformed, depending on this replacement, the LAD field was modified from LAD F to Mod-LAD F (Sect.2.1).
The field F which acts on an electron in the QED vacuum fluctuation should satisfy the following
Then we get the following new equation of motion of an electron including radiation reaction, 
Here, the definition of the homogeneous field hom 
We introduce the measure of an electron's mass ( ) x m and an anisotropic electron's charge
For this expansion,     K represents a QED coupling correction between an electron and radiation in highintensity fields, the investigation of  and  will become more important for radiation reaction acting on an electron in ultrahigh-intensity fields.
The definition of the invariant function f and g are Eq. (20) 
We assume that the parameter  satisfies the relation | | 1   . The functions  and *  depend on 
